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Abstract
In this paper, we consider a system of nonlinear diﬀerential equations in a Banach
space with boundary conditions on an inﬁnite interval and provide suﬃcient
conditions for the existence of solutions of the system. Our method relies upon the
properties of the Kuratowski noncompactness measure and the Sadovskii ﬁxed point
theorem. An example is given to illustrate the main results.
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1 Introduction
Fractional diﬀerential equations are important mathematical models of some practical
problems in many ﬁelds such as polymer rheology, chemistry physics, heat conduction,
ﬂuid ﬂows, electrical networks, and many other branches of science (see [–]). Conse-
quently, the fractional calculus and its applications in various ﬁelds of science and engi-
neering have received much attention, and many papers and books on fractional calcu-
lus, fractional diﬀerential equations have appeared (see [–]). It should be noted that
the theory of nonlinear fractional diﬀerential equation boundary value problems receives
more andmore attention (see [–]). Many authors discussed the existence of solutions
in scalar spaces. However, according to the authors’ knowledge, there are few papers to
deal with the existence of solutions to the systems of fractional diﬀerential equations in
a Banach space, especially with the boundary conditions on an inﬁnite interval. Bound-
ary value problems in inﬁnite intervals arise naturally in the study of radially symmetric
solutions of nonlinear elliptic equations and various physical phenomena (see [, ]).
In scalar case, Xu et al. [] considered the nonlinear Dirichlet-type boundary value
problems of the fractional diﬀerential equation, and the existence results were established
by using the Leray-Shauder nonlinear alternative and a ﬁxed point theorem on cone. For
a Banach space, Salem [] solved the existence of solutions to the fractional boundary
value problems by means of some standard tools of ﬁxed point theory. They investigated
the existence results of solutions on ﬁnite intervals by classical tools in functional analysis.
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For boundary value problems of fractional order on inﬁnite intervals, some excellent re-
sults dealing with nonlinear fractional diﬀerential equations have appeared (see [, ]).
In their paper [], using a ﬁxed point theorem, Zhao and Ge investigated the existence
of solutions to the nonlinear fractional diﬀerential equation on unbounded domains. By
using Darbo’s ﬁxed point theorem, Su [] obtained the existence of solutions to the fol-
lowing fractional diﬀerential equation:
{
Dα+u(t) = f (t,u(t)), t ∈ J := [,∞),
u() = , Dα–+ u() = u∞,
in a real Banach space. Nyamoradi et al. [] considered an inﬁnite fractional boundary
value problem for singular integro-diﬀerential equation of mixed type on the half-line.
Liu et al. [] established suﬃcient conditions for the existence of solutions to a boundary




–Dα+x(t) = f (t, y(t),D
p
+y(t)), t ∈ (,∞),
–Dβ+y(t) = g(t,x(t),D
q
+x(t)), t ∈ (,∞),
a limt→ t–αx(t) – b limt→Dα–+ x(t) = x,
c limt→ t–βy(t) – d limt→Dβ–+ x(t) = y,
limt→∞Dα–+ x(t) = x, limt→∞ D
β–
+ x(t) = y.
Motivated by the results mentioned above, we discuss the following boundary value
problem (BVP for short):
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
–Dα+x(t) + f (t,x(t),x′(t), y(t), y′(t)) = θ , t ∈ J ,
–Dα+y(t) + g(t,x(t),x′(t), y(t), y′(t)) = θ , t ∈ J ,
x() = x′() = θ , Dα–+ x(∞) = x∞,
y() = y′() = θ , Dα–+ y(∞) = y∞,
()
in a Banach space E, where  < α ≤  is a real number, J+ = (,∞), x∞, y∞ ∈ E, f ∈ C[J×E×
E × E × E,E], g ∈ C[J × E × E × E × E,E], Dα–+ x(∞) := limt→∞ Dα–+ x(t) and Dα–+ y(∞) :=
limt→∞Dα–+ y(t).We establish some existence results of solutions to BVP () in the Banach
space. The technique relies on the properties of the Kuratowski noncompactness measure
and the Sadovskii ﬁxed point theorem. The method used in this paper is diﬀerent from
ones in the papers mentioned above.
Obviously, problem () is more general than the problems discussed in some recent lit-
erature, such as ones in [, ]. Problem () is a system that contains two unknown func-
tions; the nonlinear terms contain the derivatives x′(t) and y′(t); the basic space is a Banach
space; and the boundary conditions are given on an inﬁnite interval.
This paper is organized as follows. In Section , we recall some deﬁnitions and facts. In
Section , the existence results of solutions to BVP () are discussed by using the proper-
ties of the Kuratowski noncompactness measure and the Sadovskii ﬁxed point theorem.
Finally, in Section , we provide an example as an application of our main result.
2 Preliminaries
In this section, we recall some deﬁnitions and facts which will be used in the later analysis.
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Deﬁnition . (see []) The Riemann-Liouville fractional integral of order α >  of a







(x – t)–α dt,
provided that the right-hand side is pointwise deﬁned on (,∞), where (α) is the Euler





Deﬁnition . (see []) The Riemann-Liouville fractional derivative of order α >  of a









(x – t)α–n– dt,
where n = [α] + , [α] denotes the integer part of the number α, provided that the right-
hand side is pointwise deﬁned on (,∞).
Lemma. (see []) If f is a suitable function (see []),wehave the composition relations




+ f (t), γ > α > , t ∈ (,∞).
Lemma . (see []) Let α > . Then the fractional diﬀerential equation
Dα+u(t) = 
has a unique solution u(t) = ctα– + ctα– + · · · + cNtα–N , ci ∈ R, i = , , , . . . ,N , where
N = [α] + .
In view of Lemma . and Lemma ., it is easy to deduce that
Iα+Dα+u(t) = u(t) + ctα– + ctα– + · · · + cNtα–N
for some ci ∈ R, i = , , , . . . ,N , N = [α] + .
Remark . The Riemann-Liouville fractional derivative and integral of order α (α > )
have the following properties:
() Dα+Iα+f (t) = f (t), α > ;
() Iα+I
β
+f (t) = I
α+β
+ f (t), α,β > ;
() Dα+I
β
+f (t) = I
β–α
+ f (t), β > α > .
Deﬁnition . (Kuratowski noncompactness measure) Let E be a real Banach space, S be
a bounded subset of E. Denote
α(S) = inf
{
δ >  : S =
m⋃
i=
Si,diam(Si) < δ, i = , , . . . ,m
}
.
α(S) is called Kuratowski noncompactness measure of S, where diam(Si) denote the diam-
eters of Si. Obviously ≤ α(S) <∞.
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Deﬁnition . Let E and E be real Banach spaces, D ⊂ E, A :D→ E be a continuous
and bounded operator. If there exists a constant k ≥  such that α(A(S)) ≤ kα(S) for any
bounded set S in D, then A is called a k-set contraction operator. When k < , A is called
a strict set contraction operator.




x ∈ C[J ,E] : sup
t∈J
‖x(t)‖





x ∈ C[J ,E] : sup
t∈J
‖x(t)‖
 + tα– < +∞ and supt∈J
‖x′(t)‖
 + tα– < +∞
}
.
Obviously, C[J ,E] ⊂ C[J ,E] and DC[J ,E] ⊂ FC[J ,E]. It is easy to see that FC[J ,E] is a




 + tα– ,







 + tα– .
Let X = DC[J ,E]×DC[J ,E] with norm ‖(x, y)‖X = max{‖x‖D,‖y‖D} for (x, y) ∈ X. Then
(X,‖·, ·‖X) is a Banach space. The basic space used in this paper is (X,‖·, ·‖X). A map x ∈ X
is called a solution of BVP () if it satisﬁes all the equations of (). For a bounded subset D
of the Banach space E, let α(D) denote the Kuratowski noncompactness measure of D. In
this paper, the Kuratowski noncompactnessmeasure in E,C[J ,E], FC[J ,E],DC[J ,E] andX
are denoted by αE(·), αC(·), αF (·), αD(·) and αX(·), respectively. The following properties of
the Kuratowski noncompactness measure and Sadovskii ﬁxed point theorem are needed
for our discussion.
Lemma . (see []) If H ⊂ C[I,E] is bounded and equicontinuous, then αE(H(t)) is
continuous on I and αC(H) = maxt∈I αE(H(t)), αE(
∫
I x(t)dt : x ∈H) ≤
∫
I αE(H(t))dt, where
H(t) = {x(t) : x ∈H} for any t ∈ I .
Lemma . (see []) Let D and F be bounded sets in E. Then
α˜(D× F) = max{α(D),α(F)},
where α˜ and α denote theKuratowski noncompactnessmeasure in E×E and E, respectively.
Lemma . (Sadovskii) Let D be a bounded, closed and convex subset of the Banach
space E. If the operator A :D→D is condensing, then A has a ﬁxed point in D.
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3 Main results
For convenience, let us list some conditions.
(H) f , g ∈ C[J+ × E × E × E × E,E] and there exist nonnegative functions ai,bi, ci ∈
C[,∞) and zi ∈ C[J × J × J × J , J] (i = , ) such that
∥∥f (t,x,x, y, y)∥∥ ≤ a(t) + b(t)z(‖x‖,‖x‖,‖y‖,‖y‖)
for all t ∈ J+, xi, yi ∈DC[J ,E] (i = , );
∥∥g(t,x,x, y, y)∥∥ ≤ a(t) + b(t)z(‖x‖,‖x‖,‖y‖,‖y‖)
for all t ∈ J+, xi, yi ∈DC[J ,E] (i = , ); and
‖f (t,x,x, y, y)‖
c(t)(‖x‖ + ‖x‖ + ‖y‖ + ‖y‖) → ,
‖g(t,x,x, y, y)‖
c(t)(‖x‖ + ‖x‖ + ‖y‖ + ‖y‖) → ,
as xi, yi ∈ DC[J ,E] (i = , ), ‖x‖ + ‖x‖ + ‖y‖ + ‖y‖ → ∞, uniformly for t ∈ J+; and for
i = , ,∫ ∞

ai(t)dt = a∗i < +∞,∫ ∞






ci(t)dt = c∗i < +∞.
(H) For any r > , [α,β]⊂ J , f (t,x,x, y, y) and g(t,x,x, y, y) are uniformly contin-
uous on [α,β]× BE[θ , r]× BE[θ , r]× BE[θ , r]× BE[θ , r], where θ is the zero element of E
and BE[θ , r] = {x ∈ E : ‖x‖ ≤ r}.
(H) For any t ∈ J+ and countable bounded set Vi,Wi ⊂ DC[J ,E] (i = , ), there exist




















































We shall reduce BVP () to a system of integral equations in E. To this end, we ﬁrst

























































Lemma . If (H) is satisﬁed, then the operator A deﬁned by () is a continuous and









From (H) there exists R >  such that
∥∥f (t,x,x, y, y)∥∥ ≤ εc(t)(‖x‖ + ‖x‖ + ‖y‖ + ‖y‖)
for all t ∈ J+, xi, yi ∈DC[J ,E] (i = , ), ‖x‖ + ‖x‖ + ‖y‖ + ‖y‖ > R; and
∥∥f (t,x,x, y, y)∥∥ ≤ a(t) +Mb(t)




(‖x‖,‖x‖,‖y‖,‖y‖) : ≤ ‖xi‖,‖yi‖ ≤ R (i = , )}.
Hence
∥∥f (t,x,x, y, y)∥∥ ≤ εc(t)(‖x‖ + ‖x‖ + ‖y‖ + ‖y‖) + a(t) +Mb(t) ()
for all t ∈ J+, xi, yi ∈DC[J ,E] (i = , ). Let (x, y) ∈ X. From () we have





 + tα– +
‖x′(t)‖
 + tα– +
‖y(t)‖








)(‖x‖F + ∥∥x′∥∥ + ‖y‖F + ∥∥y′∥∥) + a(t) +Mb(t)








)∥∥(x, y)∥∥X + a(t) +Mb(t), ∀t ∈ J+. ()
It follows from (H) and () that the inﬁnite integral
∫ ∞

∥∥f (s,x(s),x′(s), y(s), y′(s))∥∥ds
is convergent. From () and (H) we have
∥∥A(x, y)(t)∥∥
=





























tα– – (t – s)α–






















































∥∥(x, y)∥∥X + [a∗ +Mb∗]
< +∞. ()
Diﬀerentiating (), we have
A′(x, y)(t)

























≤ α – 
(α)
tα–







∥∥f (s,x(s),x′(s), y(s), y′(s))∥∥ds





























∥∥(x, y)∥∥X + [a∗ +Mb∗]
< +∞. ()
It follows from () and () that
∥∥A(x, y)∥∥D ≤ (α)‖x∞‖ + 
∥∥(x, y)∥∥X + [a∗ +Mb∗]. ()
Thus, A(x, y) ∈DC[J ,E] for any (x, y) ∈ X. In the same way, we can obtain
∥∥A(x, y)∥∥D ≤ (α)‖y∞‖ + 
∥∥(x, y)∥∥X + [a∗ +Mb∗], ()
where M = max{z(‖x‖,‖x‖,‖y‖,‖y‖) :  ≤ ‖xi‖,‖yi‖ ≤ R (i = , )}. Thus, A(x, y) ∈
DC[J ,E] for any (x, y) ∈ X. Thus, Amaps X to X and A is well deﬁned.
Secondly, we show that Amaps bounded sets into bounded sets in X. It suﬃces to show
that for any η > , there exists a positive constant M >  such that for each (x, y) ∈ Bη =
{(x, y) ∈ X,‖(x, y)‖X ≤ η}, we have ‖A(x, y)‖X ≤M. Let














According to (), () and (H), we have
∥∥A(x, y)∥∥X ≤ 
∥∥(x, y)∥∥X + γ ≤ η + γ .
It follows from the above inequality that Amaps bounded sets into bounded sets of X.
Thirdly, we prove that A is continuous on X. Let {(xm, ym)}∞m= ⊂ X and (x, y) ∈ X such
that limm→∞ ‖(xm, ym)–(x, y)‖X → . Then {(xm, ym)} is a bounded subset ofX. Thus, there
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) → f (s,x(s),x′(s), y(s), y′(s)), ()
asm→ ∞, for all s ∈ J+. From () we have





r + a(s) + M(s)b(s)
= σ(s), σ(s) ∈ L[J , J],m = , , , . . . ,∀s ∈ J+. ()









)∥∥ds = . ()
It follows from (), () and () that ‖A(xm, ym)–A(x, y)‖D →  asm→ ∞. By the same
method, we have ‖A(xm, ym) –A(x, y)‖D →  asm→ ∞. Therefore, the continuity of A
is proved. 
Lemma . Under assumption (H), (x, y) ∈ X is a solution of BVP () if and only if (x, y) ∈
X is a ﬁxed point of A.
Proof Suppose that (x, y) ∈ X is a solution of BVP (). By Lemma ., the solution of BVP
() can be written as
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From x() = x′() =  and y() = y′() = , we know that c = c = c = c = . Together












































































 f (s,x(s),x′(s), y(s), y′(s))ds and
∫ ∞
 g(s,x(s),x′(s), y(s), y′(s))ds
are convergent. Therefore, (x, y) is a ﬁxed point of operator A. Conversely, if (x, y) is the
ﬁxed point of operator A, then direct diﬀerentiation gives the proof. 
Lemma . Let condition (H) be satisﬁed and V be a bounded subset of X. Then (AV )(t)+tα–
and (AV )′(t)+tα– are equicontinuous on any ﬁnite subinterval of J ; and for any ε > , there exists
N >  such that




∥∥∥∥A′i(x, y)(t) + tα– –
A′i(x, y)(t)
 + tα–
∥∥∥∥ < ε, i = , ,
uniformly with respect to (x, y) ∈ V as t, t ≥N .






















In view of condition (H) and the boundedness of V , there existsM >  such that
∫ ∞

∥∥f (s,x(s),x′(s), y(s), y′(s))∥∥ds≤M for any (x, y) ∈ V . ()
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Let the constant R be such that ‖(x, y)‖X ≤ R for any (x, y) ∈ V and [a,b] ⊂ J be a ﬁnite
interval and t, t ∈ [a,b] with t < t. Using () and themonotonicity of (t–s)α–+tα– and (t–s)
α–
+tα–
in t for s < t, we have





∥∥∥∥ x∞tα–(α)( + tα– ) –
x∞tα–










































































































































[ (t – s)α–
 + tα–
– (t – s)
α–
 + tα–
]∥∥f (s,x(s),x′(s), y(s), y′(s))∥∥ds ()
and
























)∥∥f (s,x(s),x′(s), y(s), y′(s))∥∥ds
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)∥∥f (s,x(s),x′(s), y(s), y′(s))∥∥ds






∥∥f (s,x(s),x′(s), y(s), y′(s))∥∥ds




[ (t – s)α–
 + tα–
– (t – s)
α–
 + tα–
]∥∥f (s,x(s),x′(s), y(s), y′(s))∥∥ds. ()
It follows from (), () and (H) that (AV )(t)+tα– and
(AV )′(t)
+tα– are equicontinuous on any ﬁnite
subinterval of J . We are in a position to show that for any ε > , there exists N ′ >  such








uniformly with respect to x ∈ V as t, t ≥N ′.
According to () and (), we only need to prove the following conclusions:












































It follows from () that there exists N >  such that∫ ∞
N
∥∥f (s,x(s),x′(s), y(s), y′(s))∥∥ds≤ ε ()
uniformly with respect to (x, y) ∈ V .
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 + tα– = ,
there exists N >N such that for any t, t ≥N and s ∈ [,N],




























< εM . ()

























∣∣∣∣ (t – s)α– + tα– –
(t – s)α–
 + tα–
















∥∥f (s,x(s),x′(s), y(s), y′(s))∥∥ds + ∫ ∞
N






 + tα– = ,
there exists N >N such that for any t, t >N and s ∈ [,N],
(t –N)α–
 + tα–
< εM < ,
(t –N)α–
 + tα–
< εM < .


























∣∣∣∣ (t – s)α– + tα– –
(t – s)α–
 + tα–
















∥∥f (s,x(s),x′(s), y(s), y′(s))∥∥ds + ∫ ∞
N
∥∥f (s,x(s),x′(s), y(s), y′(s))∥∥ds
≤ ε .
The proof for operator A can be given in a similar way and the proof is complete. 
Lemma . (see []) Let (H) be satisﬁed, V be a bounded set in DC[J ,E] × DC[J ,E].
Then














(i = , ).
The main result of this paper is as follows.
Theorem . Let conditions (H), (H) and (H) be satisﬁed. Then BVP () has at least
one solution belonging to X.
Proof Weonly need to prove the existence of a ﬁxed point of operatorA inX. By condition

















B =: BX(θ ,R) =
{
(x, y) ∈ X : ∥∥(x, y)∥∥X ≤ R}.
In the following, we proceed to show AB ⊂ B. In fact, for any (x, y) ∈ B, from () and ()
we have∥∥∥∥A(x, y)(t) + tα–
∥∥∥∥ ≤ ‖x∞‖(α) + 










< R (∀t ∈ J)
and ∥∥∥∥A′(x, y)(t) + tα–
∥∥∥∥ ≤ ‖x∞‖(α) + 










≤ R (∀t ∈ I).
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Similarly, we can get ‖A(x,y)(t)+tα– ‖ < R and ‖
A′(x,y)(t)
+tα– ‖ < R. Thus, taking Lemma . into con-
sideration, we obtain AB⊂ B.
Let D = c¯oX(AB), i.e., D is the convex closure of AB in X. Clearly, D is a nonempty,
bounded, convex and closed subset of B. It follows from Lemma . that (AB)(t)+tα– and
(AB)′(t)
+tα–
are equicontinuous on J . Together with the deﬁnition of D, we know that D(t)+tα– and
D′(t)
+tα–
are equicontinuous on J .
Now we are in a position to show that A is a strict set contraction operator fromD to D.
Observing that D ⊂ B and AB ⊂ D, together with Lemma . we know that A : D → D is
bounded and continuous.
Finally, we prove that there exists a constant λ ∈ [, ) such that αX(AV ) ≤ λαX(V ) for
V ⊂D. Further, due to Lemma .,





Thanks to Lemma ., we have










































≤ λαX(V ). ()
Deﬁne























































+tα– ) →  as n → ∞, t ∈ J , where d(·) denotes the Hausdorﬀ










, t ∈ J . ()
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Next, we estimate αE(A
n
V (t)
+tα– ). Lemma . implies that { D(t)+tα– } is equicontinuous on any
ﬁnite interval of J , and hence { V (t)+tα– } is equicontinuous on any ﬁnite interval of J . By con-
dition (H), it is easy to know that {f (t,x(t),x′(t), y(t), y′(t)) : (x, y) ∈ V } is equicontinuous
on [,n].Moreover, {f (t,x(t),x′(t), y(t), y′(t)) : (x, y) ∈ V } is bounded on [,n] by (H). From



































































ds≤ λ < .
In the same way, we can obtain αE(A
′
V (t)
+tα– ) ≤ λαX(V ), and hence relation () is valid. By
the samemethod, we can also obtain relation (). Thus, we know that αX(AV )≤ λαX(V ).
Obviously,  ≤ λ <  by (H). Consequently, A is a strict set contraction operator from V
to V . Obviously, A is condensing, too. It follows from Lemma . that A has at least one
ﬁxed point in V , that is, BVP () has at least one solution in X. 
As a special case of Theorem ., we obtain the following result.
Corollary . If the following assumptions hold:
(H′) f ∈ C[J+ × E × E,E] and there exist a,b, c ∈ C[J+, J] and z ∈ C[J+ × J+, J] such that
(i)
∥∥f (t,x, y)∥∥ ≤ a(t) + b(t)z(x, y) for all t ∈ J+,x, y ∈ E;




a(t)dt = a∗ <∞,
∫ ∞

b(t)dt = b∗ <∞,
∫ ∞

( + t)c(t)dt = c∗ <∞.
(H′) For any r > , [α,β] ⊂ I , f (t,x, y) is uniformly continuous on [α,β] × BE[θ , r] ×
BE[θ , r], where θ is the zero element of E and BE[θ ,R] = {x ∈ E : ‖x‖D ≤ r}.
Tan and Cheng Boundary Value Problems  (2015) 2015:153 Page 17 of 20
(H′) For any t ∈ J+ and a countable bounded set V ,W ⊂ DC[J ,E], there exist li(t) ∈
L[J , J] (i = , ) such that
α
(
f (t,V ,W )




( + t)l(t) + l(t)
]
dt < .
Then the fractional diﬀerential equation boundary value problem
{
Dα+x(t) + f (t,x(t),x′(t)) = ,  < α ≤ , t ∈ J+,
x() = x′() = , Dα–+ x(∞) = x∞
()
has at least one solution in DC[I,E].
Proof Letting g ≡  and y≡  in Theorem ., we get the desired result. 
4 Example
As an application of Theorem ., we consider the inﬁnite system of nonlinear diﬀerential















































yn() = y′n() = θ , D


+yn(∞) = y∞ (n = , , . . .).
()
Let E = {x = (x, . . . ,xn, . . .) : xn → } with the norm ‖x‖ = supn |xn|. Obviously, (E,‖ · ‖)
is a Banach space. Problem () can be regarded as a boundary value problem of form
() in E with x∞ = (,  ,







 , . . .). In this situation, x = (x, . . . ,xn, . . .), u =





et( + t)  ( + t  )




























t for t > , it
follows from () and () that
∥∥f (t,x,u, y, v)∥∥ ≤ 
 
√
t( + t) 
{(
 + ‖y‖ + ‖u‖ + ‖v‖)  + ‖x‖}
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and





 + ‖x‖ + ‖u‖)  + ln[( + t)‖v‖]},












z(x,u, y, v) = ( + y + u + v)

 + x,







It is easy to see that (H) is satisﬁed. Finally, we verify condition (H). Let f  = {f n , f n , . . . ,
f n , . . .}, f  = {f n , f n , . . . , f n , . . .}, g = {gn, gn, . . . , gn, . . .}, g = {gn , gn , . . . , gn , . . .}, where




et( + t)  ( + t  )
( + yn + un + vn)

 , ()




t( + t)  ( + t  )
xn, ()





( + xn + un)

 ,










Let t ∈ J+ and {z(m)} be any sequence in f (t,E,E,E,E), where z(m) = (z(m) , . . . , z(m)n , . . .), it





et( + t)  ( + t  )
( + R)  (n,m = , , , . . .). ()
Thus, {z(m)} is bounded. By the diagonal method we can choose a subsequence {mi} ⊂ {m}
such that
z(mi)n → zn, i→ ∞ (n = , , , . . .). ()
Taking () into consideration, we get
≤ z ≤ 
n 
√
et( + t)  ( + t  )
( + R)  (n = , , , . . .). ()
Hence z = (z, . . . , zn, . . .) ∈ E. It is easy to see from (), () and () that
∥∥z(mi) – z∥∥ = sup
n
∣∣z(mi)n – zn∣∣ → , i→ ∞.
Thus, we have proved that f (t,E,E,E,E) is relatively compact in E. For any t ∈ J+, x, y,x, y ∈
D⊂ E, from () we obtain
∣∣f n (t,x,u, y, v) – f n (t,x,u, y, v)∣∣ =  √t( + t)  ( + t  ) |xn – xn|.
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Thus,




t( + t)  ( + t  )
‖xn – xn‖, x, y,x, y ∈D. ()
In the same way, we can prove that g(t,E,E,E,E) is relatively compact in E. We can obtain




‖v – v‖, x, y,x, y ∈D.








and K(t) =  √t(+t) . By a simple computation, we have G
∗
 ≈ ., G∗ ≈ . and
λ = max{G∗,G∗ } = . < . All of the conditions in Theorem . are satisﬁed. By using
Theorem ., we know that problem () has at least one solution.
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